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Today’s plan

▶ Traditional induction examples
▶ The link between induction and recursion
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Sum of odd numbers

What is the sum of the first n odd numbers?

How does the preparation go?

It looks like the property that we want to prove is that the sum of the first n odd
numbers is n2.
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Execution

▶ We will show that for any positive integer n the sum of the first n odd numbers,
i.e.,

1 + 3 + 5 + · · ·+ (2n − 1)

is n2.
▶ For n = 1 the result is true, because the left hand side is 1, and the right hand

side is 12 which is also equal to 1.
▶ For any k ⩾ 1, assuming the result is true for k , the result is true at k + 1

because of the following calculation:

1 + 3 + 5 + · · ·+ (2k − 1) + (2(k + 1)− 1) = k2 + 2k + 1

= (k + 1)2.

▶ Therefore, by induction, the result is true for all n.
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Another recurrence

Consider the recurrence:

a0 = 0,
a1 = 1,
an = 4an−1 − 4an−2 for n ⩾ 2.

Find (and prove correct) a formula for an in terms of n.

How does the preparation go?

It looks like the property that we want to prove is that an = n × 2n−1.
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Execution
▶ We will show that for any non-negative integer n, an = n × 2n−1.
▶ For n = 0 and n = 1 the result is true by direct verification.
▶ For any k ⩾ 1, assuming the result is true for k , the result is true at k + 1

because of the following calculation:

ak+1 = 4ak − 4ak−1

= 4 k 2k−1 − 4 (k − 1)2k−2

= (8 − 4) k 2k−2 + 4 × 2k−2

= k 2k + 2k

= (k + 1)2k

= (k + 1)× 2(k+1)−1.

▶ Therefore, by induction, the result is true for all n.
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The link between induction and recursion
▶ In a recursive algorithm there are certain fundamental instances where the

algorithm does not use recursion (the base cases).
▶ Other instances use recursion and apply the algorithm first to simpler

instances, then combine the results in some way.
▶ The argument for correctness goes “well, if it works in the simpler cases, then

it works in the more complicated ones because of the way we combine the
results”.

▶ This is exactly the argument used in induction.
▶ In fact, we can usually isolate some parameter n associated with the

algorithm so that, in the recursive calls, the parameter is always decreased.
Then the claim that the algorithm works for all values of the parameter is ripe
for a proof by induction.

▶ At a deep foundational level, induction and recursion are two sides of the
same coin.
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